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1 Statement

References are online notes by Kieth Conrad| (2.14) or some guys online notes| (2.2), Milne [Mill,
[GW10, 14.20]. We claim that for finite K/k a Galois extension of fields we have an equivalence of
categories

Vecty, <> Vectx + Gal(K/k) — actions

Denote I' := Gal(K/k). To be precise, objects on the right are vector spaces over the algebraic
closure V along with an action of the absolute Galois group on this vector space p : I' — GL(k,V)
such that for v,w € V, ¢ € K it is Semi-linear:

p(g)(cv) = g(c)p(g)v
To be even more precise it is a family of maps r, : V. — V for each o € I satisfying
e 1, is additive
o 75(cv) =o(c)ry(v)
e ;g =1id
® I, OV =Tggr
Morphisms are algebra morphisms that respect the action. The equivalence is given by
— ® K : Vecty, > Vectg + Gal(K/k) — actions : (—)F

On the right is taking the fixed points of the action. The action on the tensor is given by applying the
Galois group element to the extension i.e.

Vi Vi, p

where p(o)(v®@ z) = v ® o(x).

Remark: Note that the action is not K linear, as this would not encode any Galois information.
It is semi-linear. In particular it is not a representation in the traditional sense. It does give a
linear representation on GL(k, V'), that is considering the K vector space as a k vector space, as the
semi-linearity implies k linearity.


https://kconrad.math.uconn.edu/blurbs/galoistheory/galoisdescent.pdf
https://users.math.msu.edu/users/ruiterj2/math/Documents/Notes%20and%20talks/Galois%20descent.pdf

Remark: The infinite extension is true too but one must involve topologies to make the representa-
tions continuous.

Remark. This equivalence then propagates from vector spaces to algebras and then to all our alge-
braic categories, to affine schemes, and to the subcategory of LAG’s and then reductive groups, their
root datum and their Lie algebras. The point is that we can now send an algebra over k to an algebra
over k by just picking a Galois action, and we can make precise why a classification over the algebraic
closure is sufficient.

2 Real and Complex

Consider C/R with Gal(C/R) = Z/2Z = {1,0} where o is conjugation. We first need to classify the
Galois representations. By Maschke’s theorem we have that real representations are also completely
reducible and |by the stack exchange gods| the irreducible are given by the one (real) dimensional
representations by 1 : ¢ — 1 and sgn : 0 — —1 Notice that the one dimensional reps are not semi-
linear:

o.(cv) =cv # v =o(c)ow

o.(cv) = —cv # —cv = o(c)ow
If we take their direct sum we get a one (complex) dimensional representation, 1@ sgn. Lets check

that this is semi-linear. If ¢ = ¢ ,U = “) eCthenco= (" bw and we have that
b w aw + bu

ateny = (v ) = (4) (1) = oo

So we have two one real dimensional representations that we can put together to get a one complex
dimensional representation. We need to look at complex “semi-linear” representations, and so they
must be at least one complex dimensional to be in our category of complex vector spaces + Galois
actions. Note the direct sum is still a real representation but it is not a complex representation. Notice
that it is juts applying the conjugation to the complex number, this is not a complex representation
but is real.

Now we have a complex vector space C with a semi-linear Galois action and we can look what its
fixed points are. Because the action is just conjugation, flipping the sign of the second real coordinate,
the fixed points are just the real numbers inside C , that is the elements with zero in the second

coordinate. So we get
Cl@sgn — R

on the level of maps we have
Homg (R,R) =R

what is Homg ((C, 1®sgn), (C, 1ésgn)), it is clear that Homge (C,C) = C and because the intertwiners
are in particular vector space homomorphisms we have the inclusion

Homg ((C, 1 sgn), (C,1 & sgn)) — Home (C,C) =C
So consider the map C — C given by multiplication by ¢ € C, we need to solve for which ¢ we have Vv
(1@ sgn)(o)(cv) = (1 & sgn)(o)(v)

au + bw
—aw + bu

au — bw
—aw — bu
these linear equations gives Vu,w € R

the LHS gives ( ) as above and the right hand side gives ¢ (_uw) = (

) solving

—bw =bw, —bu=bu


https://en.wikipedia.org/wiki/Maschke%27s_theorem
https://math.stackexchange.com/questions/219384/what-are-the-irreducible-representations-of-the-cyclic-group-c-n-over-a-real-v

which is iff b = 0, i.e. this relation is true iff ¢ € R. Hence we have shown that
Homg ((C,1 & sgn), (C,1 ® sgn)) =R

and the functor is therefore clearly full and faithful!
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